Seebeck effect Thermoelectric generator (TEG) Radiative heat source Transient heat source Industrial experiments Mathematical model a b s t r a c t Thermoelectric power generators are scalable and simple systems for recovering waste-heat disposed by the industry. We combine on-site measurements and a mathematical model to study the potential for power generation with this technology from heat available from casting of silicon. We implement a 0.25 m 2 thermoelectric generator (TEG), based on bismuth-tellurium modules, in the casting area of a silicon plant. The measured peak power is 160 W m À2 and the corresponding maximum temperature difference across the modules is 100 K. We predict a large potential to increase the power generated beyond the measured values. For a two-fold increase of the heat transfer coefficient at the cold side, and by moving the generator closer to the heat source, we predict that the power output can reach 900 W m À2 . By tailoring the design of the TEG to the conditions encountered in the industrial facility, it is possible to generate more power with less thermoelectric material. We provide guidelines on how to design thermoelectric systems to maximize the power generation from waste heat given off from silicon during casting.
Introduction
Access to energy in the right form, at the right time, and at the right place is a premise for our society to continue to prosper. Accordingly, with the stipulated population growth and increase in welfare, the power production must continue to grow, however in appropriate ways [1] . The power supply for a modern society must deal with production, storage and distribution and must come from diverse sources. Moreover, for the society to be sustainable the sources of energy supply must eventually be renewable. Reusing a waste, such as waste heat, is considered a conditional renewable energy source. Furthermore, meeting the future need of power supply requires that we also deal with the concept of energy quality. Electric energy is for instance of greater value than thermal energy. Heat at high temperatures is of greater value than at lower temperatures. Heat on demand is of greater value than intermittent and distributed heat. Thermoelectric generators represent a scalable and robust technology to convert waste-heat to high quality electricity. In this paper, we investigate the implementation of thermoelectric generators in the metal casting industry, where intermittent high quality heat is available alongside with a power demand.
Thermoelectric generators (TEGs) convert a thermal potential (temperature difference) directly to an electric potential (voltage) when heat passes through the generators [2] . To our knowledge, this effect was first discovered in the 19th century by Seebeck [3] . The Seebeck effect occurs when two different charge conductors (e.g., p-and n-type semiconductors) are coupled in series via two connections (A-B-A) and when the connections are at different temperatures (A-B at T 1 and B-A at T 2 ). As long as the temperatures T 1 and T 2 deviate, we can measure an electric potential in the circuit that is proportional to the temperature difference, where the slope equals the Seebeck coefficient, a, of the pair of conductors. Thermoelectric generators are scalable systems, ranging from microwatts to kilo-watts applications [4, 5] . The efficiency of a TEG relative to the Carnot efficiency is typically below 5%, which is significantly lower than the same relative efficiency of competing technologies such as steam turbine systems and organic Rankine cycle systems, where steam turbine systems can have efficiencies relative to the Carnot efficiency that exceed 40% [6] . The main advantages of TEGs compared to alternative technologies are their size (plates of a few millimeters), scalability, fairly simple constructions (no moving parts), weight (used for mobile applications) and flexibility (fitting to intermittent heat sources) [6] .
There are many materials available for use when it comes to thermoelectric generators. Those most commonly referred to are inorganic, and are applicable for temperatures up to 550 K (BiSnTebased, BiSbTe-based), up to 800 K (PbTeSe, PbSe-based) or up to 1200 K (SiGe) [6] . One obvious goal in the development of thermoelectric generators is to have a large Seebeck coefficient (a) for the materials. This is observed for conducting organic systems [7, 8] as well as for membrane and super-capacitor systems [9e11] . Recently, Børset et al. [12] and Kang et al. [13] reported very high Seebeck coefficients (0.9 mV/K < a < 1.3 mV/K) using molten carbonate cells reversible to carbon dioxide and oxygen for the temperature range above 650 K.
However, to develop TEGs requires more than just high Seebeck coefficients [6, 14, 15] . Cost, energetically and financial, obviously have to be taken into account. On the energetic side, the figure of merit ZT is frequently used to characterize the capability of a material to convert heat to electricity [6] and should be as large as possible to obtain a high conversion efficiency. The parameter includes the material's Seebeck coefficient, electrical conductivity and the thermal conductivity (measured at zero electrical current). Fiscal costs are related to raw material costs, purification and assembly of the TEG module in addition to the auxiliary system (cooling and heating system) [14, 15] . Regardless of the source, it will always be beneficial for the TEG cost to reduce the module fillfactor (f Am ), i.e. the fraction of the cross section in a thermoelectric module that is filled with active material, and the conductor thickness [14, 15] . There is, however, a complex interplay between thermal and electrical properties, both dependent on crosssectional areas and thicknesses of the conductors, and the optimum design is a trade-off of these properties [15] . Higher temperature difference is beneficial to power generation, and can be obtained by reducing the cross-sectional areas of the conductors and by increasing the thicknesses. At a given conductor thickness, the thermal conductivity of the thermoelectric module can be reduced by reducing the fill-factor, but lowering the filling degree too much will make the temperature differences across the TEG module increase to an extent that the materials cannot sustain and thus lowering the feet length is required. This means that if correctly optimized, one can have more power with less use of material. This is an attractive possibility we shall further explore in this work.
Regardless of the TEG module end cost, one must always make sure to operate the TEG within the feasible temperature range for material stability. Many materials have been tested and evaluated with respect to performance from a ZT-factor, module feet length, and filling degree parametric point of view [14, 15] , but very few studies look into actual implementation outside the laboratory [15, 16] . Several works have studied thermoelectric generators from a purely theoretical perspective [17e25], through a combination of theory and laboratory experiments [26e29] or through laboratory experiments [30e32]. However, to be able to enhance the performance of TEGs for industrial waste heat recovery, it is essential to combine on-site experiments with mathematical modeling.
In this work, we shall take the next step towards industrial applications of TEGs by combining on-site experiments and mathematical modeling to investigate the potential of this technology for power generation from heat available during casting of silicon. Previous work has documented that by recovering the waste heat during silicon casting, it is possible to increase the exergetic efficiency from 0.33 to 0.41, i.e. by 24% [33, 34] . In silicon production, silicon is cast in batches where heat is sporadically available. A TEG could thus provide the power needed during the casting process. We develop in this work a mathematical model that has a sufficient level of complexity to capture the main characteristics of the experimental results, but is flexible enough to explore a large range of possible TEG configurations. By taking advantage of the model and the measurements, we show how to enhance the power output of the TEG with less use of material. Moreover, we propose a novel methodology for designing TEG generator systems, opposed to evaluation of single modules which is what is more common in the literature.
The outline of the paper is as follows: In Sec. 2 we give the details of the thermoelectric generator, the casting situation and the testing facilities. The experimental set-up establishes a base case for the model. We then describe the mathematical model, the model parameters applicable to the experimental set-up and give the calculation details in Sec. 3. In Sec. 4 we discuss first the experimental results and compare the model predictions to the measured data to verify that the model captures the experimental results. We then use the model to study how changes in design and location affect the power output and reveal a significant potential to tailor the design of thermoelectric generators to recover more waste heat from silicon casting and simultaneously use less material.
Experimental
In this section we give the details of the thermoelectric generator [16] , the casting process, testing facilities and testing procedure.
System description
A thermoelectric generator was constructed consisting of 36 thermoelectric modules based on bismuth tellurium (TEP-1264-1.5, Thermonamic, China). The TEP-1264-1.5 module consisted of 126 pairs of p-and n-type semiconductors connected electrically in series and kept between two ceramic plates (electrically nonconductive material in Fig. 3 ). Each module was square-shaped of size 40 mm Â 40 mm. Thus, for 36 thermoelectric modules the total module surface area was 0.0576 m 2 . The modules were arranged in a six by six matrix, connected electrically in series of six (N s ¼ 6), and six series were connected in parallel (N p ¼ 6), see Fig. 1 . In addition to the thermoelectric modules, the generator consisted of a heating block and a cooling block; the modules were sandwiched between them. The heating block and the cooling block were made of aluminum because aluminum has high thermal conductivity, good machinability and it is easily accessible. Soft graphite sheets with a very high thermal conductivity were used as thermal interface material between the thermoelectric modules and the aluminum plates to ensure a low thermal resistance. The heating block was made of 36 square-shaped units (10 mm thick), one for each thermoelectric module. Each unit's surface was 80 mm Â 80 mm on the side facing the heat source, while the surface was 49 mm Â 49 mm for the side in contact with the thermoelectric module. The purpose of this design (see Fig. 2a ) was to concentrate the heat flux into the thermoelectric modules. The cooling block was made of a 25 mm thick aluminum plate (0.5 m Â 0.5 m) where water was circulating in a copper pipe (10 mm in diameter and 3.2 m long). The copper pipe was fixed in a channel which was machined into the aluminum plate. We used tap water for cooling (6.0 ± 0.5) C and measured the inlet and the outlet temperature with PT100 elements. The cooling block gave support to the thermoelectric generator construction. The thermoelectric modules were assembled between the heating block and the cooling block, using screws (4 mm in diameter) running through the heating block and the cooling block. The screws were not insulated and thus represent a possible heat leakage. We used two screws per heating block unit. Fig. 2a shows a schematic drawing of the thermoelectric generator (left) and a cut through the generator (right). The cutthrough shows one thermoelectric module (TM) kept between one heating block unit (HB) and a part of the cooling block (CB). We used K-type thermocouples to measure the heating block and the cooling block temperatures, T hb and T cb , respectively, see Figs. 2a and 3. The thermocouples were inserted into holes (1 mm in diameter). Five thermocouples were included in the heating block, indicated by numbers 1e5 in Fig. 2a . Four thermocouples were included in the cooling block, indicated by numbers 1e4. The thermoelectric generator was heated by radiant heat. Because aluminum has a relatively low emissivity coefficient (ε ¼ 0.04e0.09 for non-oxidized aluminum [35] ), we painted the front side of the heating block black with high temperature paint.
The casting situation and testing facilities
At the plant, silicon was cast from a ladle containing 8000e9000 kg of silicon into molds placed next to each other on a rotating ring named the casting carousel. When one mold was filled with silicon, the carousel rotated so that silicon could be poured into the next mold until the ladle was emptied. To cast one ladle took 25e35 min and occurred roughly every other hour. In the ladle, the temperature of the silicon was initially 1450 C. The melting point of silicon is close to 1410 C. A benefit of using heat from the solidification process is that the heat is present near this temperature for very long time. That is, we seek high temperature sources and the melting temperature is high and remains high for long and starts to drop significantly with time only after all the silicon is solidified. Fig. 2b shows the casting area and the thermoelectric generator installed in the casting area. Next to the casting carousel, a 40 m 2 large wall is put up to shield sections of the plant from radiant heat given off from the silicon during casting. A window was cut in the wall and the thermoelectric generator was placed in this window, see Fig. 2b . During casting, high quality thermal energy was transferred from liquid silicon at temperature T m , see Fig. 3 , to the front side of the thermoelectric generator, mainly by radiant heat transfer. The radiant heat flux into the generator depended on the amount of silicon cast and the temperature of the silicon and varied throughout and between the casting periods. We estimated the air temperature inside the plant, T surr,h in Fig. 3 , to 15 C.
Testing procedure
The thermoelectric generator was installed in the casting area for a period of 40 h. During this period, the cooling water was flowing continuously and the temperatures were measured every five second. We defined an average temperature difference between the heating block and the cooling block side of the thermoelectric modules as:
Here, T hb,i is the heating block temperature measured at locations i ¼ 1e5 and T cb,j is the cooling block temperature measured at locations j ¼ 1e4, see Fig. 2a .
The generator was connected to a varying external, electronic load (Thurlby Thandar Instruments LD300, R ex in Fig. 1 ). The electronic load controlled the generator electric potential, see Eq. (12) . A LabView 2009 program regulated the electronic load and logged the external resistance, the generator potential and the current. Because the radiant heat flux into the generator varied throughout a casting period, the average temperature difference, Eq. (1), and thus the electric potential, Eq. (12), were never stable (see Fig. 4a ). Therefore, we manually read the voltage every thirty second from the start of each casting period. When the voltage was stable within ±0.5 V for two readings or more, we activated the electronic load.
The resistance was changed in steps of 0.5 U from 39.5 to 0 U.
Because of highly transient temperature conditions, the load was regulated to measure for one second at each step.
We used polarization curves to describe the thermoelectric generator performance. A polarization curve is the electric potential plotted as a function of the electric current (see Eq. (12) and Fig. 5a ). The generator power output was calculated from the corresponding values of the external load and the current, see Eq. (2), and plotted as a function of the current.
The mathematical model of the thermoelectric generator
In this section, we establish a mathematical model that has a sufficient level of complexity to capture the main characteristics of the experimental results, but at the same time is flexible enough to explore a large range of possible configurations of the TEG module. The thermal energy source in the present case has a transient behavior. However, we establish a stationary (time-average) model representation of the thermoelectric generator to examine how changes in the design influences the performance. We assume one dimensional heat transfer, which implies that all surfaces normal to the heat transfer direction are isothermal, and we neglect electric contact resistances and take the material properties to be temperature independent.
One unit in the thermoelectric generator model recapture (1/36) part of the generator described above. Each unit in the model (see Fig. 3 ) consists of one thermoelectric module kept between aluminum plates (Al 2 and Al 3 ). The module is made of N pairs of p- and n-types semiconductors (N ¼ 3 in Fig. 3 ) connected electrically in series by copper strips and kept between two plates of aluminum oxide. The semiconductors are separated by an electrically nonconductive material which we take to be air (hereafter referred to using subscript is). There are two layers of aluminum at the left hand side of the module (Al 1 and Al 2 ) and one layer at the right hand side of the module (Al 3 ). The layers Al 1 and Al 2 make up the heating block in the experimental set-up while Al 3 is the cooling block (compare Figs. 2a and 3) . The generator has N s modules connected in series and N p series are connected in parallel (c.f. Fig. 1 ).
We measured the power produced by the thermoelectric generator P as the power dissipated in a load with resistance R ex . The steady-state energy balance of the whole generator is:
where J 0 q;in and J 0 q;out are the heat flux into and out of the generator at surfaces at positions x 0 and x 5 (see Fig. 3 ), A is the cross-sectional area of one unit, Df tot is the generator terminal voltage and I tot is the outer circuit current which relates to the current through each series of modules as I tot ¼ N p I s . We assume the heat fluxes to be uniform across the system's surface area.
Boundary conditions
High quality thermal energy ðN p N s AJ 0 q;in Þ is transferred through radiation from the heat source (molten silicon) at temperature T m to the surface at x 0 (see Fig. 3 ). By taking both radiative and convective heat transfer into account, the heat flux into the generator is (at x 0 ) [36] :
where s is the Stefan-Boltzmann constant. The parameter c rad describes the radiative properties of the arrangement, including view factors [35, 37] , and h wh is the convective heat transfer coefficient for the surface at x 0 . The air surrounding this surface has the temperature T surr,h . The heat flux out of the generator at x 5 is:
where U cb is the cooling block overall heat transfer coefficient.
Transport equations
The flux equations describing the transport of heat and charge through each semiconductor are [38] : 
where subscript "i" refers to either the p-or the n-type semiconductor, l i is the thermal conductivity, F is Faraday's constant, r i is the electrical resistivity and S Ã i is the transported entropy of the charge carrier. The transported entropies are functions of the material properties as well as the temperature and their sign can vary [39] . Equation (5) 
Temperature profiles
We use the energy balance to establish an expression for the temperature profiles for the semiconductors and the electrically non-conducting materials. We have the steady state energy balance for a volume element, assuming one-dimensional transport:
We find an expression for the gradient in electric potential from Eq. (6) and introduce this with Eq. (5) into the energy balance Eq. (8). The energy balance for each semiconductor becomes:
We assume constant material properties (l i , S Ã i and r i ) and use the boundary conditions T(x 3 ) ¼ T h and T(x 4 ) ¼ T c to solve Eq. (9) (see Fig. 3 ). At steady state conditions, we can then express the temperature profiles in the semiconductors as:
Here, d i is the thickness of semiconductor " i ". Similarly, we find a linear temperature profile for the electrically non-conducting materials:
In the modeling of the whole TEG, one can consider the layers of the TEG to be a set of thermal resistances, R T connected in series and parallel. Following the thermal analogy of resistances in an electrical circuit, we can obtain the temperature at each interface between the layers, and the temperature profiles through each layer. A thermal-electrical network model diagram corresponding to a unit of the TEG is presented in the top part of Fig. 3 . The figure elucidates that the heat flow that enters the outer surface of the TEG splits into parallel heat flows through the thermoelectric module and the surrounding layers of air. Also within the thermoelectric module, the heat flow splits into a parallel arrangement through the p/n semiconductors and the adjacent layers of air.
Since the outer surface of the TEG (Al 1 ) consists of aluminum that has a very high thermal conductivity, we expect the thermal profile of the outer surface to be nearly uniform and the thermal spreading resistance to be negligible.
Thermoelectric power generation
From the energy balance for the thermoelectric converter, see Eq. (2), consisting of N p modules in parallel and N s modules in series, we find the expression for the electric power produced by the thermoelectric system:
Here, the expression in the brackets at the right hand side equals the electric potential generated by one thermoelectric module, Df m . At zero current, the electric potential is proportional to the temperature difference across the semiconductors and it is lowered due to ohmic resistance when Is0. As we shall see, since the current also carries heat due to coupling (see Eqs. (5)e (6)), it reduces the temperature difference. We neglect the ohmic resistance in the metal conductors, in the external leads and the contact resistances since their electrical resistances are low. The proportionality constant, a pn , is the Seebeck coefficient of the semiconductor pair, defined as:
The electric potential is generated because there is a difference in the transported entropies of the charge carriers in the semiconductors. At reversible conditions (I ¼ 0), the potential equals the difference between the heat absorbed reversibly at the hot side and the heat liberated reversibly at the cold side divided by Faraday's constant (neglecting the Thomson effect).
The magnitude of the current is set by the external resistance R ex . From Eq. (12), with I tot ¼ N p I s , we express the current through each series as:
We aim to maximize the power output (Eq. (2)) by varying the system design. Changing the design will affect the temperature profile in the system, and we need to solve the energy balance. Tables 1 and 2 give model parameters that apply to the Table 1 The cross-sectional areas A i and thicknesses d i and for the parts that constitute one unit in the model of the thermoelectric generator (Fig. 3) .
Model parameters

Property
Dimension Value The ratio of the module cross-sectional area (A m ) and the total cross-sectional area (A) is the fractional area:
It relates to the fill-factor of the thermoelectric module:
Values for the heat transfer coefficients h wh , c rad and U cb (see Eqs. (3) and (4)) as well as temperatures applicable to the thermoelectric generator and the casting situation, are given in Table 2 together with materials transport properties.
We estimated the convective heat transfer coefficient h wh from the average Nusselt number, Nu, for natural convection from a vertical plate, at the surface temperature T sh ¼ 200 C and with the characteristic length L c ¼ 0.5 m, to air at the surroundings temperature T surr,h ¼ 15 C, see Figs. 2a and 3. We found the Nusselt number from the correlation Nu ¼ 0.59Ra 1/4 [35] where Ra is the Rayleigh number. The surface temperature T sh was equal to the maximum in the average heating block temperature, T hb,av (see Eq.
(1)), from the measurements in the casting area at the silicon plant. Thus, the value given in Table 2 is an average of the maximum value reached during a casting period. We estimated the parameter c rad from the energy balance across the thermoelectric generator, Eq. (2), when no power was dissipated in the external load (P ¼ 0). The heat absorbed by the generator was described by Eq. (3), where A was the generator cross-sectional area (0.25 m 2 ), while the heat leaving the generator was: AJ 0 q;out ¼ UADT av (17) Here U ¼ (102 ± 3.2) W/(m 2 K) is the overall heat transfer coefficient of the thermoelectric generator. This was determined from steady state experiments, similar to the experiments reported in Ref. [16] . We used T m ¼ 1400 C, T surr,h ¼ 15 C and T sh ¼ T hb,av . As inputs to the calculation of c rad , we used DT av and T hb,av from temperature measurements for P ¼ 0. The temperature of the heat source, T m , varied through a casting period while the value estimated for c rad reflects the casting situation for a constant heat source temperature (T m ¼ 1400 C). The parameter c rad reached a maximum during each of the casting periods. The value given in Table 2 is the average peak value from seven casting periods. The uncertainty in c rad represents the variation between the seven casting periods. We estimated the heat transfer coefficient U cb from Eqs. (4) and (17) . We used T cs ¼ T cb,av and T cw was the average of the cooling water inlet and outlet temperature. The large uncertainty in U cb is due to the accuracy in the temperatures measured with the K-type thermocouples in the heating block and the cooling block.
We estimated the material properties a pn and r pn for steady state measurements, similar to the experiments reported in Ref. [16] . The Seebeck coefficient, from the slope of the open circuit potential plotted versus the average temperature difference (see Eq. (1) 
Results and discussion
We first discuss the results obtained for the experimental set-up installed in the casting area in the silicon plant (c.f. Fig. 2b ) which defines the base case. The experimental results are next compared to the predictions of the mathematical model. Finally, we use the model to evaluate the potential of TEG implementation and optimisation.
On-site measurements
The temperature difference across the semiconductors in the thermoelectric modules determines the potential for thermoelectric power generation (see Eqs. (2) and (12)). In the casting area, the radiant heat dominated the heat flux into the generator (see Eq. (3)) and determined the temperature difference across the modules (see Fig. 2a ). Fig. 4a shows the variation in the average temperature difference DT av (see Eq. (1) and Fig. 2a ) throughout one casting period. The variation is due to fluctuations in the radiant heat reaching the surface of the generator, in turn caused by variation in the amount and temperature of the silicon in the course of the casting. Around 12 min into the casting, the average temperature difference reached a maximum of about 100 K and was stable at this value for some minutes before it decreased, stabilized at a lower value and then dropped off at the end of casting. The shape of this curve, shown in Fig. 4a , was typical for all casting periods. Fig. 5a and b shows the generator polarization and power curve obtained by activating the electronic load (R ex in Eq. (2)) at the time indicated in Fig. 4a . For a constant temperature drop across the semiconductors, we expect a linear polarization curve in accordance with Eq. (12) . The polarization curve in Fig. 5a is, however, not perfectly linear. This may be caused by fluctuations in DT av (Fig. 4a) , as discussed above. Also, non-uniform temperatures in the heating and cooling block could contribute to this. The maximum power was 40.5 W or 162 W m À2 , taking the cross sectional area of the converter into account (0.25 m 2 ). Both the generator design and its location relative to the heat source can be utilized to enhance the performance of the generator as we shall discuss further below. Table 2 The thermal conductivities for the layers in the model in Fig. 3 , the heat transfer properties and temperatures that applies to the base case representation of the casting situation. 
c rad e 0.0269 ± 0.0012
Comparing the model and the experimental results
We adapted the model to the TEG using the base case parameters described above. The model of the TEG gives a time-average description, where the boundary conditions we have used in the model correspond to the maximum in Fig. 4a. Fig. 6 shows the temperature profile at I ¼ 0 through the generator. We observe that the largest temperature drop is across the semiconductor layer and that T hb z T h and T cb z T c (see also Fig. 3 ). In the model, we consider one-dimensional heat flow only and heat flow in parallel through the thermoelectric module feet and the adjacent and surrounding air. The central layer in the module (thermoelectric material) consists of semiconductors and air. The thermal conductivities are low (1% and 0.02% for semi conductor and air) compared to the neighbouring layers (aluminum), as can be read from Table 2 . Thus we expect the temperature drop to be largest across the thermoelectric layer, which is also beneficial for power generation. A variation in the module size, or the cross-sectional areas of the semiconductors (i.e. the fractional areas, see Eqs. (15) and (16)), determines this temperature drop.
The model predicted DT av to be 115 K at I ¼ 0 which is 15% above the experimental maximum value of 100 K (c.f. Fig. 4a ). The overall heat transfer coefficient (U, see Eq. (17)) of the TEG as predicted by the model was around 10% lower than the experimentally determined value (90 compared to 100 W m À2 K À1 ). The magnitude of the heat loss to the environment by convection was approximately 10% relative to the heat incoming by radiation. A source of inaccuracy was that in the model, we neglected heat leakage via the screws running through the heating and cooling blocks and considered only one-dimensional heat transfer by conduction. For two screws of stainless steel, we estimate the heat flow through the screws from Fourier's law (Eq. (7))to account for about 8% of the heat flow through the generator with no screws (5 W compared to 60 W for DT ¼ 100 K). In this estimate, we assumed that the screws were made of stainless steel with thermal conductivity of 20 W m À1 K
À1
, thickness of 10 mm and a diameter of 4 mm. This heat leakage thus explains the larger fraction of mismatch between the overall heat transfer coefficient predicted by the model and the experimentally determined value. Fig. 4b shows the temperature difference across the modules as a function of current. This was found by solving the energy balance for a varying external load R ex . The model predicted a 20% reduction in DT av by going from zero current to 6.2 A, i.e. at Df tot ¼ 0. This reduction is caused by the thermal energy moved reversibly with the current from the high to the low temperature side of the conductors i.e. the Peltier heat, c.f. Eq. (5). A reduction in DT av was also observed experimentally when the electronic load was activated (see Fig. 4a ), however, this reduction was smaller than predicted by the model. In the experiments, we recorded each current and voltage point for a second by regulating the external resistance R ex and the conditions were non-stationary. This lead to some linear deviations in the graphical presentation of some of the data points.
The polarization curve given by the model gave excellent predictions for the current as expressed by Eq. (12). As discussed above, the temperature difference decreased as the current increased. Thus both terms in Eq. (12) contribute to the slope of the polarization curve. Since we have used a stationary state model, the modest difference between the model and the experimental results mainly stem from transient behavior of the silicon casting process.
From the model, we predicted the maximum power to be 157 W m À2 (P max in Fig. 5b ) which is in good agreement with the experimentally determined value of 162 W m À2 . The power generated at the so-called matched load conditions (P match ), i.e. when the electrical resistance in the external load is equal in magnitude to the system's electrical resistance, is by definition taken as the maximum power. According to Fig. 5b , P max is slightly larger than P match and the corresponding current is slightly smaller for P max than for P match . However, the difference is small and we shall take P max ¼ P match in the following. A parameter which often is used to characterize technology for recovering waste heat is the thermal efficiency, defined as the ratio of the power to the heat inflow. In agreement with previous work on the topic, the thermal efficiency of the TEG was found to be between 1.5% and 4%, and was found to increase monotonically with the magnitude of c rad . Since the most valuable component to the end-user is the power generated, we have not focused in detail on the thermal efficiency of the TEG in this work [15] . From the discussion above, we conclude that the steady-state model captures to a good accuracy the heat transfer characteristics and the experimentally determined polarization curve of the TEG. We shall therefore next use the model to study the potential for TEG implementation improvement.
Strategies for improving the performance of the TEG
We first discuss how we can increase the power generated by the system (P match ) by increasing the heat transfer coefficients c rad and U cb (see Eqs. (3) and (4)), but by keeping within temperaturelimits of the thermoelectric modules. The c rad describes the amount of heat delivered to the front panel of the TEG assembly while U cb describes the heat sink capacity. In the present set-up, c rad could have been changed by changing the location of the TEG assembly or having e.g. liquid iron instead of silicon and the heat sink capacity can be at least doubled by better integration between the copper tube and the aluminum on the TEG module cold side.
Next we discuss how we can further increase the power generated by the system by also reducing the fractional area f A (see Eq. (15)). By exceeding the temperature limits of the materials the thermoelectric module will degrade and eventually stop functioning. The BiTe based thermoelectric modules applied in the current experimental set-up had upper limits of 380 and 160 C for the hot and cold side respectively. We discuss the improvements within these limits.
In the experiments, the position of the thermoelectric generator relative to the heat source (molten silicon, see Fig. 2b ) limited the thermal energy flux into the generator (Eq. (3)) and thus the power generated. By moving the generator closer to the heat source, and/ or by changing its angle relative to the silicon surface, we can increase the heat flux into the generator (J 0 q;in ) and thus the power generated (Fig. 7a) . To increase the heat flux by a factor of 1.5, keeping all other parameters constant, increases the power generated by a factor of 2.2, from 160 to 350 W m À2 , without exceeding the operating temperature limits for the thermoelectric modules applied.
In the experimental set-up, the copper pipe-aluminum block contact area limited the heating block overall heat transfer coefficient U cb (see e.g., the Experimental section). For the heat flux, to double the contact area (e.g. doubling the length of the copper pipe or adding a thermal paste) is equivalent to doubling the U 0 cb value applicable to the experimental set-up (base case) which we believe is well within reach. Then we could increase the heat influx (J 0 q;in ) by a factor 2.5 and generate 900 W m À2 , without exceeding the temperature limits for the thermoelectric modules. We shall use U cb ¼ 2h 0 cb below to investigate how we can further improve the power output by optimizing the cross-sectional area of the modules, expressed as the fractional area (f A ). Thus, the strategy for maximum power generation is to ensure as good heat transfer as possible with the cooling-pipes at the cold end of the TEG, and simultaneously ensure that the position of the TEG is sufficiently close to the heat source without compromising the temperaturelimits of the materials.
We varied the parameter c rad . For each value we numerically determined the fractional area (f A , see Eq. (15)) that gave the largest power at matched load conditions (P match ). The fractional area was defined as the ratio of the total thermoelectric module area to the system's surface area. The diagrams in Fig. 8 are to be read by drawing vertical lines from bottom to the top. First, we show this for the base case when c rad =c 0 rad ¼ 1 (indicated by the vertical red line). This left figure is constructed using the same U cb as applies to the experimental setup, hence our base case. This means that the diagram is tailored for any set-up of interest -as long as one knows the incoming heat (c rad =c 0 rad ) and the heat sink capacity (U cb ). Once these two first parameters are set, one can follow the red line upwards to the top graph. The intersection between the red line and the solid line gives the theoretical maximum power density, which in this instance is around 340 W m
À2
. The next step is to search for what the lowest fractional area one can have is for the given radiation (c rad =c 0 rad ) and heat sink capacity (U cb .) without violating the temperature limitations. This value is recognized in the middle graph at the intersection point between the red line and the solid line. We can now conclude that by lowering the fractional area, f A , from the current value of 0.23 (blue horizontal dashed line) to around 0.06, one can have the power density of the TEG assembly increasing from around 160 to 340 W m À2 . The dashed black lines indicates the available potential for the system as a function of the incoming heat if no temperature boundaries are given. The solid black lines indicate the maximum power that one can have for the radiation heat when we account for the hot side and cold side temperature constraints. With the current heat sink capacity, U 0 cb , the systems cold side will be overheated if too much radiation heat is added. This is the reason why the solid lines ends in the base case figure in Fig. 8 . To increase the radiation heat by more than a factor of 1.6, the heat sink capacity would have to increase.
In the "Improved case" in Fig. 8 , we show the diagram when the heat sink capacity (U 0 cb ) is doubled. That means that one can deliver twice as much heat without exceeding the temperature limit on the cold side. Doing so, one can also extract more work by reducing the fractional area further. Again, following the red line upwards, one can see that the matched load power is reached with a fractional area of 0.05 and that this power density is around 390. One can also see that the maximum heat one can have with the fractional area of the experimental setup is 2.5 times the one in our experiments.
In summary, by lowering the fractional area from 0.23 to 0.06 the power density increases from 160 to 340 W m À2 . By doubling the heat transfer in the cooling part the fractional area can be reduced further to 0.05 and the power density increased to 390 W m
. Thus, by tailoring the design of the TEG to the conditions encountered in the industrial facility, it is possible to generate more power with less thermoelectric material. The fractional area could even be reduced further, if the materials could sustain higher operating temperatures. When c rad is increased beyond c 0 rad , we need to increase the fractional area to fulfill the temperature limits. At c rad =c 0 rad ¼ 2:5 the fractional area equals the fractional area for the experimental set-up. Beyond this limit, we need to increase the fractional area compared to the base case to fulfill the temperature limits.
The diagram in Fig. 8 shows the generator fractional area that maximize the matched load power output for a given location relative to the heat source, i.e. for a given c rad value. The diagram also shows that employing materials that can sustain higher temperatures is beneficial to further enhance the potential for power generation. Based on the materials we have used (bismuth-tellurium based modules), we estimate that it is possible to recover as much as 900 W m À2 by enhancing the design and location of the thermoelectric generator.
Conclusions
In this work, we combined on-site experiments and a steadystate mathematical model to investigate the potential of thermoelectric power generation from heat available during casting of silicon. We implemented a 0.25 m 2 thermoelectric power generator (TEG) based on BiTe-modules in the casting area of a silicon plant and performed on-site measurements. The measured peak power was 160 W m À2 and the maximum temperature difference across the modules was 100 K (in this instance). The model revealed a significant potential to enhance the TEG performance beyond the experimental values through design and location relative to the heat source. The strategy for maximum power generation is to ensure as good heat transfer with the heat sink at the cold end of the TEG, and simultaneously ensure a sufficiently heat flux into the TEG without compromising the temperature-limits of the materials. Based on the materials we have used (bismuth-tellurium based modules), we estimate that it is possible to generate as much as 900 W m À2 by enhancing the design and location of the thermoelectric generator. Additionally, by tailoring the design of the TEG to the conditions encountered in the industrial facility, it is possible to generate more power with less thermoelectric material which is beneficial both from an economical perspective as well as from a resource use perspective. In the experimental set-up, the ratio of the crosssectional area of thermoelectric modules to the system's surface area, the fractional area, was 0.23. This study showed that by reducing the number of modules by 50% could more than double the power output from the generator (400 versus 160 W m À2 ).
Thermoelectric generators are scalable and simple systems that provide an opportunity to generate power from waste heat that is sporadically available like in casting of silicon, where we estimate that the thermoelectric generators with the BiTe technology have the potential to generate up to 900 W m
À2
. 
